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Introduction
T h e interest in the frequency spectrum o f the th erm al vibrations in a crystal arose chiefly in connexion w ith the problem o f the specific h e a t of crystals a t low tem peratures. D ebye's theory of the specific heat, however, has been so successful th a t the actual determ ination o f the frequency spectrum according to Born an d v. K a rm a n (1912) has been pushed into the background. B ut recent investigations, especially those of B lackm an (1935,1937 a,b, 1938) , have shown th a t appreciable deviations from D ebye's theory should occur according to the correct atom istic treatm en t. These deviations a p p ea r to be m ost pronounced n ear the absolute zero of tem p eratu re. It, therefore, seemed desirable to calculate the exact frequency spectrum of a crystal.
T h e first atte m p t to calculate the frequency spectrum o f a crystal was m ade by Born and v. K a rm a n in th eir original paper. T hey assumed only quasi-elastic forces betw een neighbouring particles. L ater calculations have been m ade for ionic lattices, for w hich we have a fair knowledge of the real forces w hich determ ine the equilibrium positions and the vibrations ab out them . T h e chief difficulty in th a t calculation has always been the long range of the Coulom b force w hich makes a direct sum m ation over all lattice points impossible. Born and T hom pson (1934) , using a m ethod developed by Ew ald (1921) , suggested a way of transform ing these sums into m ore rap id ly convergent expressions, and T hom pson (1935) has given the final form ulae for the coupling coefficients due to the Coulom b force in the equation of m otion, b u t in his p ap er a slight mistake occurred in the definition o f the coefficients, and so far no num erical results of these calculations have been published. Broch (1937) has given form ulae for the case of a one-dim ensional lattice m aking use of E pstein's Z eta functions. L yddane an d H erzfeld (1938) have used an extension of M adelung's m ethod (1918) and they have given some num erical results, b u t their form ulae are ra th e r com plicated, so th a t one cannot expect to com pute the whole frequency spectrum by this m ethod. M oreover, the problem of the therm al oscillations of an ionic lattice is not a purely electrostatic problem , and this point has not been m ade sufficiently clear by L yddane and Herzfeld. T h eir treatm en t of the case of the residual rays is open to objection, an d the question w hether the potential, from w hich the coupling coefficients are obtained, satisfies the Laplace equation or Poisson's equation is not clear.
In this p a p er I have used E w ald 's m eth o d m entioned above, in a new form given by him in a recent p a p er (1938) . By this m ethod one obtains com paratively sim ple an d quickly convergent expressions for the coupling coefficients in the eq u atio n o f m otion w hich allow a num erical calculation to an a rb itra ry degree o f accuracy. Because o f the good convergence it has n o t been too laborious to com pute n u m erical values for 48 different m odes o f vib ratio n .
In § 2 the derivation of these expressions is given by tre a tin g the p ro b lem as an electrostatic problem , neglecting the re ta rd a tio n ; b u t the p ro p e r w ay o f solving the problem is to find a solution of M axw ell's eq u atio n for the electrom agnetic field in the crystal. This will be done in § 3. F rom this field the force exerted on a p article a n d the coupling coefficients can be o b tain ed ( § 4 ). I t will be seen th a t in this p ro p er tre a tm e n t the case of infinitely long waves plays a special role an d m ust be considered separately. In all the other cases this tre a tm e n t leads to the sam e result as the electro static derivation. I f one defines a p o ten tial function from w hich the coupling coeffi cients are obtained as second derivatives, this p o ten tial satisfies in general L ap lace's e q u a tio n ; b u t in the special case o f infinitely long waves it satisfies Poisson's eq u atio n w ith constant density.
In § 5 the coupling coefficients for the N aC l lattice are given, an d in § 6 the con trib u tio n due to the repulsive forces is calculated.
In § 7 the equations for the coupling coefficients are checked by deriving from th em form ulae for the elastic constants.
T h e num erical values o f the coefficients are given in § 8. In § 9 the corresponding frequencies are calculated and illustrated by figures, an d finally ( § 10) the resulting distribution o f the frequencies is discussed an d the distribution curve is plotted.
I shall use the n otation of B orn's Atomtheorie des festen Zustandes (1923) * cf. also Born and G oeppert-M ayer (1933) .
T h e lattice vectors a l5 a 2, a 3 determ ine the cell o f volum e T h e positions o f the particles in the cell are represented by the basis vectors r*. (k 1 ,... j). T h e equili b riu m position of a particle (k, I) is determ ined by the vector Z stands for the three a rb itra ry integers ll9. Z2, Z3. T h e distance vector betw een two lattice points is given by C onsidering small independent displacem ents ujj. = of each particle from its equilibrium position, the vector betw een the displaced particles .is 1. T he equation of motion -a *+ 1**, a/ -+ Z2a 2+ Z3 a 3.
( 1-0)
( 1-1) ( 
1-2)
A ssuming only central forces, the total p otential energy o f the lattice is 
Cm ay denote the C oulom b forces and the repulsive forces.
( 1-12)
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T h e choice o f the w ave vectors k is restricted by th e b o u n d a ry co n d itio n o f th e " cyclic la ttic e " (Born 1923, p. 588) . I t postulates th a t th e disp lacem en t be periodic in a volum e h aving th e sam e shape as the elem en tary cell a n d co n tain in g cells.
T o form u late this, in tro d u ce th e base vectors bj o f th e recip ro cal lattice
V a a n d the radius vector b A of this lattice, h h = hl h l -\-h2h 2-\-h3b 3 a rb itra ry in teg ers).
(T 14)
T h e n th e condition o f cyclic b eh av io u r leads to 2. T he coupling coefficients of the electrostatic interaction C onsider now especially th e case o f electrostatic forces. H ere th e series (1*10) are n o t absolutely convergent a n d have to be transform ed in to o th er series w hich co rre spond to the physical conditions (n eu tral cell) a n d are quickly convergent.
Follow ing E w ald (1921, 1938) I consider a lattice sum o f th e form exp{27n"(k, r)}.
T h e sum can th e n be represented by a F o u rier series E J ( r _ a < ) 02m-(k,a*-r) = 2 ( 2'2) I h w ith the F o u rier coefficients n = f f / ( r ) = l y ( b , + k ) , vaJ ua w here the integ ratio n extends over the w hole o f space an d
is the F ourier transform o f / ( r ) . I apply the transform ation (2*2) to the function I t is then only necessary to determ ine 99(b) from (2*4) an d to insert it into (2-2) and find E w ald's well-known form ula of the T h e ta function transform ation (cf. Born 1923, p. 765) 
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A pplying this to the C oulom b potential
where eK is the charge of the Arth type of particle at the lattice points r(., we obtain for (1-10), since | -r^-a ' I = | r l K,K |, 
* It must be remembered that the term (9**.)^ is defined by (1-6) and is not equal to < 4 /(r)L which is infinite. (9**)*" represents the force exerted on the particle (/c, /) if it is displaced by a small amount, all other particles being kept at their equilibrium positions. It can easily be shown that for Coulomb forces and cubic symmetry this term vanishes.
k '-i f Thompson (1935) has not defined the coefficients correctly. He leaves out the exponential
N ow it is a t once seen th a t the lattice sum Fk (2 T ), (2*6) is connected by (2*5) w ith the lattice sum F k (2*9) from w hich the coefficients are derived, nam ely, s°°F/c(r) de = Fk( r ) .
(2*12) J o T hus im m ediate use can be m ade o f (2*6) for the transform ation o f the coupling coefficients. I t should be noted th a t the sum in the first rep resen tatio n o f F k in (2*6) converges rap id ly for large values o f e b u t n o t for sm all values, an d the opposite holds for the second representation. Therefore, following E w ald, I divide the in teg ratio n z*oo f*E foo (2*12) into two parts -+ , taking as in teg ran d in the first in teg ral the second Jo Jo J E and in the second integral the first expression (2*6).
T h e in tegration yields
e-f S tt)2+2»i<b»+k.*-> + ; 1~^' E ' r 7 a '^i!" <t. al), (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) ; | r -a11
This expression (2*13) is very quickly convergent, as the a rb itra ry p a ra m ete r E can be chosen in such a w ay th a t the two series 2 an d 2 converge rapidly, so justifying the h I interchange of differentiation an d sum m ation in (2*10).
Finally the differentiation (2*11) gives T * * j = I e-g(b»+k)=-2»i<b«,r",")
For k -O the zero term in Fk (2*13) gives rise to a divergence so th a t the electrostatic derivation breaks down. T h e reason is th a t the problem of describing the electro m agnetic interaction in the crystal is no t a purely electrostatic problem . O ne has to b e ar in m ind th a t because o f the vibrations of the ions there will in general be an electrom agnetic field in the crystal. T h e p roper way, therefore, of determ ining the Fk for k = 0 will disappear.
3. T he electromagnetic field of the crystal Born (1923) has calculated the electrom agnetic field of the crystal as originated by a superposition of spherical waves arising from the vibrating point charges. (This corresponds to the introduction o f the " o p tic a l" instead of the electrostatic potentials (cf. Ew ald 1921).) I shall give here the derivation as far as is necessary for o ur purposes. From the electrom agnetic field the forces acting on any particle an d therefore the coupling coefficients will be obtained.
T he result will be th a t the coefficients derived in this w ay will again be expressible as the second derivatives of a potential function to w hich one can apply the same transform ation as used in the preceding section. I t will be found th a t for all wave vectors k # 0 the two potential functions are identical, so th a t the results o f the preceding section can be used w ithout m odification. In the case of infinitely long waves (k = 0) w hich leads to the frequency of the residual rays, the electrom agnetic derivation will show th a t a m odification of the potential function (2-13) is necessary. This can be applied im m ediately by com paring the potential function obtained by the electro m agnetic derivation, w ith the representation (2-13) of the electrostatic values w ith E = co. This m odification will remove the divergent term in the potential function (2-13).
I t m ay be surprising a t first sight th a t the case of infinite waves has to be treated separately and cannot be obtained as a lim iting case o f long waves. T he reason for this can easily be seen (cf. Born and G oeppert-M ayer 1933, p. 732) . Starting from a finite crystal w ith n3 = N cells and a finite w ave-length A, one has to deal w ith a double lim it: N -> co and A->-00. Now for finite wave-lengths and a finite crystal one has in general nro (ro lattice constant).
H ere one m ust proceed clearly first to the lim it co. For infinite wave-lengths, on the other hand, one m ust first p u t A-> 00 and then proceed to the lim it T here is, of course, an interm ediate region where A is of the order of the linear dim en sions of the crystal. But this region is negligibly small in the scale of the num bers kl =
hjn, k2 = h2l n , k3 = h3/n (cf. (1-15) , (1-16)), w hich are the com wave vector k in the reciprocal lattice. For, if A is of the order I = nr0 then = 1/A is of the order k ~ l/nr0 b j n ,hence klt k2, k 3 a I f the accuracy of the determ ination of kl9 k2, k3 is even as high as 10-6, the region of the waves of "m acroscopic dim ensions" is not detectable and can be replaced by the point ki = k2 = k3 = 0. T here is an ap p aren t discontinuity at k = 0, and it is therefore no c o n tra d ic tio n th a t this p o in t satisfies a n o th e r e q u atio n th a n th e rest o f th e sp ectru m . F o r a d etailed discussion o f this d isco n tin u ity th e know ledge o f th e electro m ag n etic field w ill be needed.
T h e electrom agnetic field can be rep resen ted (B orn 1923, p. 761) by th e field o f v ib ra tin g dipoles plus a n electrostatic field, th e la tte r o f w hich does n o t give rise to a force in lattices o f cubical sym m etry a n d for sm all displacem ents.
T h e m o m en t o f such a dipole is eK u l K, w here u l Ke2ni{k> r«).
T h e field c an be described by th e H e rtz v ecto r
w hich is the sum o f H e rtz 's solutions for th e various v ib ra tin g dipoles. T h e v ecto r S is a function o f space. I t has been d e term in e d b y B orn (1923) ; he finds S = 2 P « S (r-r" ), P" = «,U" (3-1) 
irvak2-kl
w here the refractive index
T h e H e rtz vector corresponding to th e m ean electrom agnetic field is, (3 T ), (3-0), given by according to (3) (4) w here
P m ay be in terp reted as the m om en t p er u n it volum e. H ere s is a u n it vector in the direction of propagation of the wave. These are the sam e form ulae as those w hich one obtains as a solution of M axw ell's equations for a plane wave by p u ttin g B = H and splitting up D into E + 4ttP as has been pointed out by Born and G oeppert-M ayer (1933, p. 776) .
In order to discuss the form ulae (3-6) one has to consider the m agnitude of
w hich will m ake it possible to distinguish betw een the two different cases 0 and
T he frequency of the fastest vibrations occurring in crystals is o f the order 1013 sec. T he value (3-0) for the H ertz vector developed here can be used for the solution of the dynam ical problem of the proper vibrations of the crystal only un d er the con dition th a t the system can be considered as closed, i.e. th a t there is no emission of radiation. It will be seen, however, th a t this is the case for all values of except 0. In these cases { kH = 0) the total m om ent of the crystal m ust vanish, since all the dipoles in the crystal vibrate w ith a difference of phase w hich is not in v arian t against a trans lation of the lattice vector. T h a t can be seen a t once (cf. Born and G oeppert-M ayer 1933, p. 643 ) from the expression for the total m om ent itself
This sum is zero for all values of k except k -0.
I shall now show th a t our solution for the H ertz vector corresponds to this fact. T h e optical properties of crystals have been carefully investigated by Ew ald (cf. Born 
S{ j )
given by (0) 
S( 2 )
decrease exponentially w ith the distance from the surface. T hey represent only small surface effects and m ay be neglected. Inserting these values in (3-12) one obtains w ith (3-0), (3-1) the H ertz vectors Z (1), Z (2) corresponding to the zero term s of Sil), S{2).
Since k0<^ k, k0<^ b3 and ( r K, b^) ~ 1 it follows th a t (r*, k 0)<^ 1. T o the first order in k0 the result is
va b3k0 (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) In this case there is indeed an outgoing rad iatio n field. But the effect of this field is negligible. This m ay be seen either by calculating the force from Z (1) or by calculating the energy flow of the outgoing radiation from Z (2) and com paring it w ith the energy of the oscillator. I f this is calculated by means of (3-6) only values of the m agnitude k0/b3 are obtained w hich can be neglected. T he field of the crystal for k 4= 0 is, therefore, com pletely determ ined by 6,(0) (3-12) or (3-2), w hich gives the right solution for our problem for k =# 0. Now only the case k = 0 rem ains to be considered. For the zero term of the H ertz vectors Z (1), Z <2) one obtains once m ore the expression (3-18) and need only p u t 0.
But in this case k0/b3 in the exponential function of the denom inator cannot be neglected.
E xpanding this exponential we find, instead of (3-19),
Z (2) represents again an outgoing w ave, b u t the am p litu d e contains Ijkl a n d therefore it c an n o t be neglected.
T herefore the crystal c an n o t be considered as being in a statio n ary state for k = 0;
in o rd er to re n d e r it statio n ary ra d ia tio n has to be sent to an d absorbed by th e crystal. In d eed , residual rays can only be observed by abso rp tio n or reflexion m easurem ents, as the loss o f energy o f the in cid en t beam . N ow it is well know n th a t the b o u n d a ry conditions for electrom agnetic waves are such th a t the in cid en t w ave is co n tin u ed in the in terio r by the diffracted w ave, b u t this is id en tical w ith the m ean w ave o f the dipoles. This la tte r has, therefore, to be considered as p ro d u ced by the in cid en t w ave, i.e. as a given external w ave w hich acts on the particles o f the lattice. T h e in teractio n forces o f the v ib ratio n p ro p e r o f the lattice are therefore described only by th e periodic term s of the field strength.
For this reason one has to cancel the constant term (3*2), (3*1), (3*0) of the Hertz vector.
In this w ay is found th e n a tu re o f the a p p a re n t discontinuity in the spectrum a t k = 0 w hich has been in tro d u ced a t the b eginning o f this p a ra g ra p h .
T he coupling coefficients of the electrodynamic interaction
I t is now possible to w rite dow n the H ertz vector for all states o f vibrations o f the crystal (3*0), (3*1), (3*2). Since k 0 is sm all co m p ared to the vectors o f the reciprocal lattice, k 0 m ay be neglected in (3*2) except for the zero term b A = (0, 0, 0). As long as k 4= 0, k 0 m ay be neglected also in the zero term , as has ju s t been shown. F o r k -------0, on the other h a n d , the zero term m ust be om itted. T herefore one finds for : w here z l K is the H ertz vector o f the dipole (a:, /) itself w hich has to be subtracted. F rom (4-1) one obtains by m eans of (3*6) the electrom agnetic field w hich is given by (cf.
f While following closely and in formal identity the derivation of Born and Goeppert-Mayer (1933, p. 776) it must be emphasized that the dash in Born's function means complete omission of the zero term, irrespective of the value of k. w here
T h e term s due to grad div Z** contain factors {bh-\-k)x (bh+ k )y3 whereas the term due 1 •* (iP * to has the factor -4tt2^ and can therefore be neglected. T h e m agnetic field vector, too, can be neglected as it gives only a second order contribution to the force.
From (4*2) one obtains easily the force exerted on the particle (x, I) and the equation o f m otion
C om paring these electrodynam ic expressions w ith the corresponding electrostatic ones (2*11) it follows th a t they are identical, if the function r) is replaced by ). In order to com pare these two functions I take the p aram eter in (2T3) equal to oo.
T h en
Fk is given by
This is identical w ith the expression (4-3) for f k(r), w ith the exception of the case k = 0. In this case the divergent zero term in is om itted in O ne finds
T hus for k 4= 0 the electrostatic derivation is justified w hich is only n a tu ra l since the retard atio n represented by k0 can be neglected. Fk (2-9) is defined as a sum of poten of point charges. Therefore it satisfies L aplace's equation
W ith (4-5) the following relation follows: cM + r c + ? C = : f M =°-
Lx xJ
Ly y A LzzJ 7 Lx xJ (4-9) F or k = 0 (cf. Born 1923, p. 728) , on the o th er h an d , direct differentiation gives
(4-10) (4) (5) (6) (7) (8) (9) (10) (11) This holds also for k' = ki f one substitutes therefore, Poisson's equation, w hich m ay be in terp reted as the existence o f a uniform charge distribution of a m o u n t -1 p er u n it cell. In the case o f cubical sym m etry it follows th a t
T h en one gets for the coupling force in the eq u atio n o f m otion (4-4)
w hich is the w ell-know n expression for the Lorenz-L orentz force.
T h e question w hether the sum 2 P" 1 is equal to zero or to 4tt i.e. w hether the potential from w hich the coupling coefficients are derived satisfies Poisson's or L aplace's equation has been discussed before, b u t has never been cleared in a satis factory way. T h e definite result of the foregoing derivation is th a t it proves w ithout artificial assum ptions the a p p aren t discontinuity (cf. p. 519) o f this p o ten tial as function o f the wave vector k. L yddane an d H erzfeld (1938) agree w ith Born th a t for k =» 0 _ r*% I . £ ^ , the sum 2 is really equal to 4 7 7 -^ an d thus derived from a p o ten tial corre-
spending to a uniform charge distribution -1 p er cell, b u t in o rd er to explain the different properties of the potential for k 4= 0 they assume th a t for all o ther w ave lengths one has to perform a displacem ent o f the uniform charge distribution, w hich gives rise to surface charges w hich ju st com pensate the term kn\va so th a t the above sum is equal to zero. This argum ent is no t only ra th e r artificial, since the displaced uniform charge -1 has no physical significance, b u t leads also to consequences w hich are only partly correct. T hey obtain two different frequencies for the residual rays, one for " transverse" waves w hich corresponds to the value h ith erto found-an d also in this paper-and one for " lo n g itu d in al" waves.
T he coupling coefficients of the N aC l lattice
In the case of N aC l there are two different particles in the cell 2); but, as far as sym m etry is concerned, it m ay be regarded as a simple lattice, i.e. the N a sites are entirely equivalent to the Cl sites. Therefore, to any lattice vector there corresponds an other one of the same m agnitude and in the opposite direction. T h e same is true for the reciprocal lattice. For this reason the coupling coefficients are all real, as m ay be seen from (1 T 0 ); in this sum all im aginary term s cancel so th a t ( 1) qxqy = qz. This case is sym m etrical in z. T herefore from (4-9) it follows th a t cpc Gxz -0. P u ttin g e = co , H xz also vanishes (the co o f course, independent of e). T herefore T li=T121=T H -T 2l=o.
C onsider two wave vectors w hich differ only in the sign of the z-com ponent. In this case p u t e -0 so th a t only a contribution from is obtained (cf. (5-10)st); it follows th a t
Ly zJk " L yz j k,' z Jk ~ L (5-13) all the other coefficients being equal.
* This can also be seen by considering the function only (e = 0). For = (= we find developing cos 7r(q, 1) = cos n(qxlx + qyly+ ),
Hx i
22^ (7) sinn qxlx sinn qzlz cosn qyl.
(5-10)sl
All other terms arising from the development of cos 7r(q, 1) cancel because of symmetry lz assume the same positive and negative values).
We see at once from (5-10)a that for qz = 1 (or qz -0), Hxz -0 and therefore It is not surprising that these bracket coefficients vanish, for in the reciprocal lattice the point given by the position vector qx -qy = 0, qz = 1 is symmetrically situated with If qx, qy =t= 0 the symmetry in the z-direction is not destroyed, and it will be seen from (e -co) that the coefficients in question vanish on account of this symmetry. ?x+?ir+7z^f> J need be considered. I t will be convenient to introduce as in (5T5) w hole num bers p v p z given by (5-7) A -P2 S rp3~Pl>
Py -P ŷ Pi ~Pzi ( 6 T 8 ) the sets o f whole num bers p x) p y1 p z are either all odd or all even an d ditions P,+P,+P*<1B-J T h ere are forty-eight sets o f num bers of this type.
I could, of course, also divide the range in the qx) qz space into tenths. B ut this w ould give m ore sets o f num bers p x,py , p z i i.e. a closer division n o t necessary for our purposes. If, on the o ther h an d , I divided it into fifths, it w ould give too small a choice.
T he repulsive forges
A p a rt from the C oulom b forces there are other forces present in an ionic lattice, m ainly the repulsive forces w hich prevent the lattice from collapsing, an d also the van der W aals forces. L et us collect all those other forces in a potential These forces decrease very rapidly w ith the distance, w ith the exception of the V an der W aals forces (cf. (L ennard-)Jones and In g h am 1925). But, as Born an d M ayer (1932) have shown, these forces form only a very small percentage of the potential so th a t it is sufficient to consider only the interaction betw een nearest neighbours. In the N aC l lattice each ion is surrounded by six nearest neighbours so th a t the energy p er cell is given by = -a -+ 6y(r0), (6*0)
'o w here a is the M adelung constant and r0 the distance betw een neare T h e first two derivatives o f v(r)can be obtained from the condition of eq and the com pressibility; puttin g for abbreviation th e condition of equilibrium is so th a t dr0 e2 e2
IT 65, ( 6-1) ( 6' 2) using M adelung's constant -1-7476.
T h e compressibility is given by
so th a t (6-3)
A depends, of course, on the particu lar crystal considered. H ere N aC l has been chosen w here k = 4-16 x 10-12 cm .2/dyne, r0 = 2-814 x 10~8 cm. W ith e = 4-
I get
A -10-18 (for N aC l).
Consider now th a t p a rt of the coupling coefficients w hich is due to the repulsive forces. This p a rt is given by (1-10), (1-12), T* ^] = 2 W A , In the case k' =1= kt he sum (6-5) extends over the six nearest neighbours given by th vectors r0(zh I? 0, 0), j r0( 0, d= 1, 0), I
(6-6) r0( 0, 0, ±1).J
65-2
T h e differentiation in (6*5) yields w ith the definition (6T ) T h e sum over the vectors (6-6) gives * r i 21 n * n 21 v U y j = °' * + y '\_x x J ? = = A 008 27 7. T he elastic constants Born (1923) has shown th a t the coupling coefficients in the eq u atio n o f m otion are connected w ith the elastic constants.
T h e la tte r are defined by Born (1923, p. 547) [xyxy]
T h e elastic constants in the usual n o tatio n are related to the b rack et symbols (7-0) for a crystal o f cubic sym m etry as follows: 
C12C44 (7-1)
T h e C auchy relation holds; this is a consequence of the assum ption of central forces in a sim ple lattice w ith central sym m etry ab out every particle.
O ne finds exactly the expressions ( C om paring (7-6), (7-8) w ith (7-5) one finds th a t p a rt o f the elastic constants w hich is due to the C oulom b forces: T h a t p a rt o f the elastic constants w hich is due to the repulsive forces can be calcu lated in the sam e way. F rom (6-8), (6-10) one has is symmetric in all the four indices x,y, x, y and can be written \xyxy\ -\xxyy\. hold for the Coulomb part of the potential separately.
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T h e value ccn calculated by M ad elu n g 's m ethod has been given by Born (1920) T h e theoretical value of the reciprocal compressibility (2-40 x lO 11 dynes/cm .2) 3 satisfies, of course, exactly the relation --r 11 + 2cl2 w ith the theoretical values of and c12, a n d coincides w ith the experim ental value since this value has been used for the determ ination of the constant
A .But it differs from the experim ental
constants. This is an incongruity not of the theory, b u t of the experim ental results. In fact, the m easurem ents of cl 2 are ra th e r inaccurate (it has been m easured only w it 10 % e rro r). Therefore the experim ental values agree w ith the theoretical values w ithin the limits of error.
T h e perfect agreem ent of the experim ental and theoretical values o f are a strong confirm ation of the th e o ry ; for, the theoretical value of does no t depend on A (or , b u t only on the lattice constant.
N um erical results fo r t h e coupling coefficients
For the purpose of num erical calculation of the coupling coefficients the adjustable p aram eter ei n equation (5TO) has been chosen equal to 1. All term s sm aller th a n 1 % of the largest term in each series were neglected. Since the series in question converge rapidly this gives an accuracy of 1 % -2 % .
All coefficients have been calculated independently from each other so th a t the equations (4-9) could be used to check the results. These equations were satisfied in each case w ithin 1 % . T he only exceptions are p = (6, 6, 0) and p -(6, 6, 2). In these cases the final coefficients are the differences betw een two nearly equal quantities and therefore the error is larger th a n 1 % , b u t as in this case the electrical p a rt is m uch sm aller th a n the repulsive p a rt of the coefficients, the total error is again not larger th a n 1 % so th a t it is not w orth while to increase the accuracy of the electric part. 
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H ere is introduced so th a t T h e d e term in a n t is sym m etric since y J A = « 2.
(9-1) (9-2) Uc as follows from (5-1), (5-2).
'* V ' ^ * F or the calculation o f the roots o f the eq u atio n (9*0) w hich gives th e frequencies o f the crystal I have used a m ethod given by A itken (1937) . (I wish to th a n k D r A. C. A itken for advising m e to use this m ethod, w hich was a very g reat help in these calcu lations.) I t is, how ever, n o t always necessary to consider determ in an ts o f the sixth order.
In our choice of w ave vectors ( p x, p y > fiz) the d e term in a n t (9*0) splits u p very frequently into determ inants o f a low er order. C onsidering all these cases one obtains a satis factory survey over the frequency spectrum if the w ave vector is described, n o t w ith th e help of (A,
P y i P ) ibu t by its com ponents
[pX ) (cf. (5*18) ). In a large n u m b e r of cases the d eterm in an t (9*0) can easily be split u p into a p ro d u c t o f three determ inants. By inspection of the equation of m otion it is easily seen th a t the first two o f these frequencies correspond to longitudinal waves. T h e second two give transverse waves. T hey have to be counted twice since the corresponding d eterm in an t in (9*4) is squared, giving the two independent directions of polarization o f the transverse waves. tw o different determ inants, b u t the frequencies 2 have to be counted twice. T h e frequencies for the cases (10, 5, 0), (10, 0, 0), (5, 5, 5) and (0, 0, 0) have already been calculated by L yddane and H erzfeld. T h e ir values for the electric p a rt of the coefficients agree w ith ours, b u t there is a difference in the constants A and B w hich is due to the repulsive forces. These authors obtain for 10-606, 1-073 (cf. (6-4) ). This is due to the fact th a t they use the repulsive potential o f Born and M ayer (1932) for the calculation of these constants, thus neglecting the V an der W aals (London) forces, w hich are roughly included in our general expression: px , py i 0). T h e d eterm in a n t splits u p in to two, o f the fo u rth an d the second ord er respectively. T h e la tte r characterises a transverse v ib ratio n in the z direction.
( 5) {px -PyiPz)' T h e d e term in a n t splits u p into one o f the fo urth an d one o f the second order. T h e transverse v ib ratio n is p erp en d icu lar to the diagonal x (6) ( P x P yj O). H ere the d e term in a n t splits u p in to three. T h e following coeffi cients are e q u a l: n n ni \ d This degeneration, as shown in figures 1 an d 2, is, o f course, due to neglecting higher order term s in the developm ent o f the energy (1-6). F o r the sam e reason it m ust be understood th a t in those cases w here two branches o f the frequencies intersect each other, say for instance two transverse frequency branches, this degeneration w ould be rem oved by taking account o f higher term s in the developm ent o f the energy. T h e cross-point w ould be dissolved in such a w ay th a t the two low er p arts o f the original branches w ould be connected, an d the tw o higher p arts as well. The frequencies belonging to a wave vector are ordered with regard to their absolute magnitude. The units are 1013 sec.-1.
* To be counted twice.
V o l. 238.-A 67 10. T he frequency spectrum F rom the frequencies calculated, it is possible to o b tain the frequency spectrum N(v), w hich is req u ired for m an y applications. I divide the scale in to a n u m b e r o f equal intervals A va n d co u n t the n u m b er o f calculated frequencies in each in terval. In order to o b tain the spectrum very accu rately it is, o f course, desirable to choose as sm all as possible. O n the oth er h an d , there is a low er lim it for the size o f First, there should be a fair n u m b e r o f frequencies in each in terv al; secondly, it is obviously pointless to decrease the interval beyond the accuracy w ith w hich the frequencies are calculated. I have chosen Aco -2itAv = 0*3 x 1013 sec.-1 w hich corr accuracy of our calculation. In th a t case the average n u m b er o f frequencies in each interval is ab out 14. Therefore, the spectrum o btained is accurate w ithin a possible shift of some frequencies of not m ore th a n 0-3 x 1013 sec.-1. O nly a t the ends o f the spectrum the average n um ber of frequencies p er interval is too sm all as to give this accuracy. In this w ay three step-curves have been plotted, each o f w hich is shifted against the other by a th ird of an interval T he corresponding g rap h is given in figure 10 . T h e different m axim a in the dis tribution curve (figure 9) correspond to these four kinds of v ib ratio n s; the m axim a due to the longitudinal acoustic and the transverse optical frequencies coincide and give rise to the large m axim um in figure 9 near the frequency of the residual rays. A more careful consideration of the frequency spectrum will be made in connexion with its application to the problem of the specific heat, which will follow shortly.* I am very much indebted to Professor M. Born, who suggested this problem to me, for his advice on many occasions.
I am also very grateful to Dr K. Fuchs for many suggestions.
The numerical results were obtained with the help of a Muldivo calculating machine. I wish to thank Professor W. Oliver who kindly allowed me the use of the machine.
*
Note added in proof. A slight numerical error has occurred in the computation of the figures 9 and 10. This, however, does not alter the result appreciably. The correct curves will be published in the paper on the specific heat.
67-2 Summary A ccording to B orn's tre a tm e n t o f p o lar crystals, the frequency eq u atio n for a v ib ratin g crystal contains in its coefficients lattice sums w hich are due to long ran g e C oulom b forces. U sing a m ethod developed by E w ald it has been possible to find a quickly convergent form o f those sums. T h e general form ulae for the coefficients have been developed an d a special applicatio n has been m ade to the case o f sodium chloride. T h e coefficients an d also the frequencies themselves have been calculated for 48 different states o f vib ratio n o f the crystal w hich are chosen in such a w ay as to m ake possible a fair survey over the w hole frequency spectrum o f the crystal. I t appears th a t the purely electrostatic derivation o f the general form ulae for the coefficients does n o t give inform ation a b o u t the case o f the residual rays. T his can only be o b tain ed by taking account of the electrodynam ic b o u n d ary conditions, nam ely th a t the crystal as a w hole m ust n o t em it rad iatio n , w hich leads to the correct solution for the frequency o f the residual rays. T h e form ulae for the coefficients have also been used for the calculation of the elastic constants of sodium chloride.
